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expérim
entaux

C
hristophe

P
rieur

LA
A

S
-

C
N

R
S

en
collaborationavec

(résultatthéorique)
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entales)

V
alérie

D
os

S
antos

U
niversit́e

de
Lyon

1

M
O

S
A

R
,M

ars
2007

C
hristopheP

rieur



Intr
oduction

2

Leveland
flow

controlin
an

horizontalreach
ofan

open
channel

C
ontrol=

tw
o

overflow
spillw

ays:

�

�
�

�
w

hereH� x� t�

is
the

w
aterlevel

and
Q� x� t�

the
w

aterflow
rate

in
the

reach.

M
O

S
A

R
,M

ars
2007

C
hristopheP

rieur



Intr
oduction

3

M
odel[C
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a
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n

se
rva
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∂
x� Q� x� t�

B

���
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o
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e

n
tu

mco
n

se
rva

tio
n

∂
t Q� x� t� �

∂
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T
he

system
is

w
ritten

in
m

atrix
form

asfollo
w

s
:

∂
t

HQ
�

A� H� Q� ∂
x

HQ

�

q� x�

g
B

H� I 	

J� �

kq
QB
H

w
ith

the
m

atrix
A� H� Q�

definedas:

A� H� Q� �

0
1� B

g
B

H 	
� Q

2� B
H

2�

2Q� B
H

�

T
he

eigenvaluesofthe
m

atrix
A� H� Q�

:

λ
1� H� V� �

� Q� H� 	
g

H

λ
2� H� V� �

� Q� H� �
g

H

are
generallycalled

ch
a

ra
cte

risticve
lo

citie
s.

T
he

flow
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to
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flu

via
l(orsubcritical)w

hen

λ
1� H� Q���
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λ
2� H� Q� �
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U
nderconstantboundaryconditionsQ� 0� t���

Q̄
0

and
H� L� t���

H̄
L �

t,

thereexists
a

steady-statesolution
:

H� x� t���

H̄� x�
and

Q� x� t���

Q̄� x�

x�� 0� L� �

t

w
hich

satisfiesthe
differentialequations:

∂
x Q̄� x� �

B
q� x�

∂
x H̄� x� �

	

gH̄
I 	

J̄

λ̄
1 λ̄

2 	
q

Q̄
B

2H̄

� k 	

2B�

λ̄
1 λ̄

2

�

C
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D
efinition

ξ
1 �

� Q� H� 	

2
g

H 	
� Q̄� H̄� �

2
gH̄

ξ
2 �

� Q� H� �

2
g

H 	
� Q̄� H̄� 	

2
gH̄

T
he

m
odelcan

be
w

ritten
as

∂
t ξ

1 �
λ

1� ξ
1� ξ

2� ∂
x ξ

1 �

h
1� ξ

1� ξ
2�

∂
t ξ

2 �

λ
2� ξ

1� ξ
2� ∂

x ξ
2 �

h
2� ξ

1� ξ
2�

(3)

w
ith

h
1� ξ���

���� and
h

2� ξ� �
���� .T

he
controllaw

s
are

equivalentto
the

follo
w

ing
boundaryconditions:

ξ
1� L� t� �

	

k
L ξ

2� L� t�

w
ith

k
L �

1 	
α

L

1�
α

L

and

ξ
2� 0� t� �

	

k
0 ξ

1� 0� t�

w
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k
0 �

1 	

α
0

1�

α
0
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If
h

1 �

h
2 �

0,then

ξ
i� x

i� t� � t� �

ξ
i� x

i� 0� � 0�

along
the

trajectories

ẋ
i� t���

λ
i� x

i� t�

T
he

R
iem

anncoordinatesare
invariantalong

the
characteristics.

R
ecallthe

boundaryconditions:

ξ
1� L� t���

	

k
L ξ

2� L� t�

andξ
2� 0� t���

	

k
0 ξ

1� 0� t�

S
ufficientconditionfor

the
stability

in
the

unperturbedcase(h
1 �

h
2 �

0):

k
0 k

L �

1

S
ee[de
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alleux

etal,03]and
[Li,
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the
trajectories

ẋ
i� t���

λ
i� x

i� t�

w
e

haveξ
i� x

i� t� � t���

ξ
i� x

i� 0� � 0� �
t0
h

i� ξ
1� x

i� s� � s� � ξ
1� x

i� s� � s�� ds

T
he

R
iem

anncoordinatesare
N

O
T

invariantalong
the

characteristics.

B
U

T
if

k
0 k

L �

1

and
if

the
non-hom

ogenousterm
h

i are
sufficiently
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all

then
stability.
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Letus
considerξ:� 0� L���

� 0� �

∞� � �

2
suchthat:

∂
t ξ�

Λ� ξ� ∂
x ξ �

h� ξ�

(4)

w
hereΛ

:
B� ε

0� � �
2 �

2
is

a
continuouslydifferentiablefunction

such

thatΛ �

diag� λ
1� λ

2� � w
ith

λ
1� 0� �

0�

λ
2� 0� �

(5)

and
h �

� h
1� h

2� :
B� ε

0� � �

2
is

a
1-function

suchthat

h� 0� �
0�

(6)

T
he

boundaryconditionsof(4)are

ξ
1 � L� t�

ξ
2 � 0� t�

�

g
ξ

1 � 0� t�

ξ
2 � L� t�

�
(7)

w
hereg:

B� ε
0� � �

2
is

a
1-function

satisfyingg� 0� �

0.
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D
efinition

A
functionξ

#�

C
1� 0� L;�

2�

satisfiesthe
com

patibility

condition
if

ξ
#1 � L�

ξ
#2 � 0�

�

g
ξ

#1 � 0�

ξ
#2 � L�

�

andλ
1� ξ

#� L�� ∂
x ξ

#1 � L� 	

h
1� ξ

#� L��

λ
2� ξ

#� 0�� ∂
x ξ

#2 � 0� 	

h
2� ξ

#� 0��

�

∇
g

ξ
#1 � 0�

ξ
#2 � L�

λ
1� ξ

#� 0�� ∂
x ξ

#1 � 0� 	

h
1� ξ

#� 0��

λ
2� ξ

#� L�� ∂
x ξ

#2 � L� 	
h

2� ξ
#� L��

�

W
e

denoteby
B

� ε
0�

the
setof

1-functionsξ
#:� 0� L� �

B� ε
0�

satisfying

the
com

patibilityassum
ption
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G
ivenΦ

continuouson� 0� L� andΨ
continuouslydifferentiableon� 0� L� ,

w
e

denote
� Φ�C

0� 0� L� �
m

axx ! 0� L" � Φ� x�� �

� Ψ�C
1� 0� L� �

� Ψ�C
0� 0� L� �

� Ψ #
�C

0� 0� L�

G
iven

m
atrix

A �
� a

ij� ,ρ� A�

is
its

spectralradius

abs� A�

is
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m
atrix

definedby
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�� a
ij� �
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T
heorem

[C
P,W

inkin,B
astin,06]Letε

0 $

0.If

ρ� abs� ∇
g� 0�� �

1�

(8)

then
thereexistε

1 �
� 0� ε

0� ,and
H

1 $

0
suchthat,

for
all

1-functionsh
:B� ε

1� � �

2
suchthath� 0� �

0
and

� ∇
h� 0�� %

H
1�

(9)

for
allξ

#�

B

� ε
1� ,

thereexists
one

and
only

one
functionξ�

C
1�� 0� L���

� 0� �

∞� ; �

2�

satisfying(4),(7)and

ξ� x� 0� �

ξ
#� x� � �

x�� 0� L� �
(10)

M
oreover,thereexistµ$

0
andC

1 $

0
suchthat

� ξ� �� t��C
1� 0� L� %

C
1 e &

µt� ξ
#�C

1� 0� L� � �

t'
0�
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P
roof:




estim
ationofthe

influenceofthe
non-hom

ogeneousterm
son

the

evolutionsofthe
R

iem
anncoordinates.




the
dam

pingcondition(8)is
strongenoughto

m
anagethe

non-hom
ogeneousterm

s,w
hosederivative

is
assum

edto
be

sm
allat

the
origin

due
to

(9).
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pplications
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Lett1
be

the
tim

e
instantdefinedby

x
1� t1� �

L� w
herex

1
is

the
solutionof

ẋ
1� t� �

λ
1� H̄� Q̄� ,x

1� 0� �

0.S
im

ilarly,lett2
be

the
tim

e
instantdefined

by
x

2� t2� �

0� w
herex

2
is

the
solution

ofẋ
2� t� �

λ
2� H̄� Q̄� ,x

2� L� �

0.

T
he

dam
pingcondition

is

m
ax�� k

0 k
L� �

t2� k
0�)(

2 �
t1 (

1�� k
0 k

L� �

t1� k
L�)(

1 �

t2 (

2���

1
(11)

w
here(

1 �
���and(

2 �
���.

T
heorem

[D
os

S
antos,C

P,07]

If
the

bottom
slopefunction

I,the
slope’s

friction
function

J
and

the

supplyfunction
q

are
sufficiently

sm
allin

C
1

norm
,then

w
e

have

m
ax� t1 (

1� t2 (

2� �

1�
(12)

In
thatcase,for

all� k
0� k

L� � �

2
suchthat(11)holds,
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the
follo

w
ing

boundaryoutputfeedbackcontroller

U
0 �

H
0

Q̄
0

B
H̄

0 &

2*

gα
0+ *

H
0 &

,

H̄
0-

µ
0,

2g� zu
p &

H� 0� t��
�

U
L �

H
L 	

h
s 	

+ H
L.

Q̄
L

B
H̄

L �

2*

gα
L+ *

H
L &

,

H̄
L-/-

2

2g
µ 2L

10 3�

m
akesthe

closedloop
system

locally
exponentiallystable,i.e.thereexist

ε$

0,C$

0
and

µ$

0
suchthat,for

allinitialconditions

� H
#� Q

#� :� 0� L� �
� 0� �

∞�

1,satisfyingsom
ecom

patibilityconditions,

and
the

inequality

� � H
#� Q

#� 	
� H̄� Q̄��

1� 0� L� %
ε�

thereexists
a

uniqueC
1

solution
ofthe

S
aint-Venantequations,w

ith
the

boundaryconditions,and
the

initialcondition,definedfor
all

� x� t� �� 0� L� �
� 0� �

∞� .M
oreoverit

satisfies,

�

t'

0,

� � H� Q� 	
� H̄� Q̄�� C

1� 0� L� %

C
1 e &

µt� � H
#� Q

#�� C
1� 0� L�
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D
ata

ofthe
S

am
breriver(B

elgium
)

param
eters

B
L

slopeI
µ

0
n

M
� m�
� m�
� m

1� s &

1�
�

µ
L

� s� m &

10 3�

values
40

8359
3 �47e &

4
0.4

0.30

T
hreesim

ulationshave
beencom

puted,w
ith

the
follo

w
ing

values:

(S
1)

k
0 �

	

0�23,and
k

L �
	

0�18,(k
0 k

L �
0�041).T

he
stability

condition

(11)is
satisfied,

(S
2)

k
0 �

	

0�51,and
k

L �
	

0�39,(k
0 k

L �
0�201).T

he
stability

condition

(11)doesnothold,butw
e

have
stability.

(S
3)

k
0 �

	

0�92,and
k

L �
	

0�71,(k
0 k

L �

0�654).T
he

stability
condition

(11)doesnothold,and
w

e
do

nothave
the

stability
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V
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icro-channel

param
eters

B� m�

L� m�

n
M

� s� m &
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µ
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(E
1)

k
0 �

	

0 �0853,k
L �
	

0 �463,(k
0 k

L �
0 �0395);

(E
2)

k
0 �

	

0 �2134,k
L �

	

1 �1575,(k
0 k

L �

0 �247);
(E

3)
k

0 �
	

0� 3414,k
L �

	

1� 852,(k
0 k

L �

0� 6322).

In
eachcase,the

stability
condition

(11)holds
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W
e

have
considerednon-hom

ogeneoussystem
sofn

conservation
law

s.

T
he

controlproblem
is

the
boundarydam

pingofthe
solutions.

M
ain

resultstatesthat

If
the

dam
pingcondition

is
sufficiently

large

If
the

perturbationsofthe
hom

ogeneoussystem
are

sufficiently
sm

all

T
hen

the
solution

converges(exponentially)to
the

(perturbed)

equilibrium
.

W
e

applied
this

resultto
the

leveland
flow

controlin
a

reach

w
herecontrolactions=

the
both

spillw
ays

=
the

boundaryconditions
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