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Intr oduction 2

Level and flow control in an horizontal reachof an openchannel

Control= two overflow spillways:

whereH (x,t) is thewaterlevel
andQ(x,t) thewaterflow ratein thereach.
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Intr oduction 3

Model[Chow, 54] or [Graf, 98]: massconservation

i x1) + 0 25 = g )
momentunconservation
2 W_l_m
QUKD+ 3l g+ 5 )~ gBH( - ) gy, @)
where

e (g denoteghegravitation constant
e ((x) thewatersupply/remwal function
e Bisthechannewidth

e | isthebottomslope

e JQH)= mﬁzmm\_%_“éf is the slopes friction
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Intr oduction 4

Problem:Computethe positionsug andu, of the spillwayss.t.

e thecontrolactionsdependnly onthe (measuredi (0,t) andH (L,t)
e Jasolutionof ourmodel(PDE)
e state—¢_, . equilibrium

e solutionstayscloseto theequilibrium
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2—1 More generakontet: non-homogeneous/stemsn R?

2—2 Statemenbf themainresult

3—1 Boundarycontrolin areach
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Relatedwork 6

Aboutthelevelandflow contol in areat
For asurwey, seelMalaterre,RogersandSchuurman<98].

Discretelinearapproximation®f the perturbedSaint-\énantequations:
[Garcia,Hubbard.andDe Vries, 92], and[Malaterre,98].

H., controldesignis developedin [Litrico, andGeoges,99].

Lyapune methodqCoron,d’Andrea-Nwel, andG. Bastin,07], [Dos
SantosBastin,Coron,andd’Andrea-Nwel, 07]
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1-1 Restatementof the control problem 7

Thesystemis writtenin matrix form asfollows::

ol N ) ramoa "] = 90
e VU )\ gBHIN—)) + kgl

with thematrix A(H, Q) definedas:

AH.Q) 0 1/B
| gBH-(Q%/BH?) 2Q/BH

Theeigervaluesof thematrix A(H, Q) :

AM(HV) = (Q/H)—+/gH

A2(HV) = (Q/H)++/gH
aregenerallycalledcharacteristicvelocities
Theflow is saidto befluvial (or subcritical)when

VK_.A_I_“OV <0< >NA_|_QOV
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Steady-statesolution 8

UnderconstanboundaryconditionsQ(0,t) = Qp andH (L, t) = Hy Vt,
thereexistsa steady-statsolution:

H(x,t) =H(x) and Q(x,t)=Q(x) x € [0,L] Wt

which satisfieghedifferentialequations

@xOAXV — WQAXV _ B

_ _1-J Q (k—2B)
oyHx) = —gH—— v
xH (%) J AAs  B2H  Aqh

Control problem:
Make this equilibriumlocally asymptoticallystable
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The Riemann coordinates 9

Definition
& = (Q/H)—2/gH—(Q/H)+2\/gH
2 = B\IiméﬂLo\ITNéﬂ

Themodelcanbewritten as
0t&1+A1(81,62)0x&1 = h1(&1,&2)
0t&2+A2(&1,62)0x&2 = h2(&1,&2)

with h1(§) = .... andhy(&) = ..... Thecontrollaws areequialentto the
following boundaryconditions:

(3)

. . . 1—op
&1(L,t) = —k &a(L,t) with k.= |H._.Qr
and
. : . 1—0ag
&2(0,t) = —ko&1(0,t) with ko = |H+Qo
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1-2 Review of the unperturbed case 10

If hy = hy, = 0, then

alongthetrajectories
X (T) = Ai(%, 1)
TheRiemanncoordinatesreinvariantalongthe characteristics.

Recallthe boundaryconditions:
E1(L,t) = =k &2(L,t) and&z(0,t) = —ko&1(0,t)
Sufficientconditionfor thestability in theunperturbeaase(h; = ho = 0):

kokp <1

Seeg[de Halleuxetal, 03] and[Li, 1994].
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|dea for the stability in the perturbed case 11

Along thetrajectories

we have
&i(Xi(t),t) =& (x(0),0) +\M hi(€1(Xi(8),5),€1(Xi(s),s))ds

TheRiemanncoordinatesareNOT invariantalongthecharacteristics.

BUT if
kokp <1

andif thenon-homogenougrmh; aresuficiently small
thenstability.
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2—1Mor e generalcontext: non-homogeneousystemsn R? 12

Let usconsider: [0,L] x [0, 4+) — R? suchthat:
0r& +A\(&)0x& = h(&) (4)

whereA: B(gp) — R?*? is a continuouslydifferentiablefunctionsuch
that/A = diag/A1, A2), with

A1(0) < 0 < Ax(0), (5)
andh = (hy,hy): B(gg) — R? is a C -functionsuchthat

h(0)=0. (6)

Theboundaryconditionsof (4) are
= : (7)

whereg: B(gg) — R? is a C!-functionsatisfyingg(0) = 0.
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2—1Mor e generalcontext: non-homogeneousystemsn R? 13

Definition A function&” e C1(0, L;R?) satisfiethecompatibility
condition( if

gL £5(0)
£5(0) AN
and

M (EF(L))axET (L) —he(EF(L))
A2(87(0))0x€5(0) — h(£(0))

£5(0) A1(87(0))0x&7(0) — h1(£7(0))
&5(L) A2(E¥(L))0xE5(L) — ho(E7(L))

We denoteby B-(gg) thesetof C1-functions&®: [0.L] — B(gg) satisfying
the compatibilityassumptiort.
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2—1Mor e generalcontext: non-homogeneousystemsn R? 14

Given® continuouson [0, L] andW continuouslydifferentiableon [0, L],
we denote

[Plooy = Ma%eo.|PX)]
Wlctoy = Wleo + 1% leoo

Givenmatrix A = (&;j),

P(A) isits spectraradius
abgA) is thematrix definedby absA) = (|aj|)
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2—2Main result 15

Theorem[CP, Winkin, Bastin,06] Letgg > O. If

p(abglg(0)) <1, (8)

thenthereexiste; € (0,€&p), andH; > 0 suchthat,
for all ¢!-functionsh : B(g;) — R? suchthath(0) = 0 and

IOh(0)| < Hy, (9)

for all £ € B4 (g1),
thereexistsoneandonly onefunction& € C*([0,L] x [0, +o0) ; R?)
satisfying(4), (7) and

§(x,0) =&"(x) ,yxe [0,L] (10)
Moreover, thereexist u> 0 andC; > 0 suchthat

_MA;C_OHAPC < OH_.QIE_M#_OHAPE ,Vt > 0.
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2—2Main result 16

Proof:

e estimationof theinfluenceof thenon-homogeneousrmsonthe
evolutionsof the Riemanncoordinates.

e thedampingcondition(8) is strongenoughto managehe
non-homogeneousrms,whosedervative is assumedo besmallat
theorigin dueto (9).
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3 Applications 17

Lett; bethetime instantdefinedby x;(t1) = L, wherex; is the solutionof
X1(t) = A1(H,Q), x1(0) = 0. Similarly, lett, bethetime instantdefined
by x2(t2) = 0, wherexy is the solutionof xx(t) = A2(H, Q), x2(L) = 0.

Thedampingconditionis

BQXA_ koki _ +1o _ Ko _ lo 41101, _ koki _ +11 _ ki _ mpn_nﬁmmmv <1 AH_.H_.V

wheref1 = ... andé, = ....
Theorem[Dos SantosCP, 07]

If thebottomslopefunctionl, theslopesfriction functionJ andthe
supplyfunctionq aresuficiently smallin C! norm,thenwe have

max(tyf1,t202) < 1, (12)

In thatcasefor all (Ko, k) € R? suchthat(11) holds,
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3 Applications 18

thefollowing boundaryoutputfeedbackcontroller

& ~2990( vFo- /)

Mo/29(zup—H(01))
(e[ g 2voe (VA-VAD))
2015 ’

malestheclosedloop systemocally exponentiallystable.e. thereexist
e > 0,C > 0andp > 0 suchthat,for all initial conditions

(H*,Q%) 1 [0,L] — (0, +) 1, satisfyingsomecompatibilityconditions,
andtheinequality

Uo = Ho
2-1/3

UL H.—hs—

(H*, Q) = (H, Q100 <&

thereexistsa uniqueC! solutionof the Saint-\enantequationswith the
boundaryconditionsandtheinitial condition,definedfor all
(%x,t) € [0,L] x [0,+00). Moreoverit satisfiesyt > 0,

(H,Q) — (H,Q)|c 10, SCi€” M (H7, Oj_opor

MOSAR, Mars2007 ChristophePrieur



3—1Numerical simulations

Dataof the Sambreiver (Belgium)

parameters B L slopel o Nm
(M | (m | (mts™) | = | (sm )
values | 40 | 8359 | 347+ | 0.4 0.30

Threesimulationshave beencomputedwith thefollowing values:

19

(S1) kg = —0.23,andk. = —0.18, (kgk_. = 0.041). Thestability condition

(11)is satisfied,

(S2) kg = —0.51,andk. = —0.39, (kgk_. = 0.201). Thestability condition
(11) doesnohold, but we have stability.

(S3) kg = —0.92,andk. = —0.71, (kok_. = 0.654). The stability condition
(11) doesnohold,andwe do not have the stability
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3—1Numerical simulations

Upstream water flow

20

Downstream water flow
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3—-2Experimental results 21

Valencemicro-channel

parameterg B(m) | L (m) | ny (sm™Y/3)
values 0.1 7 1.03

parameters o W | slope(mm1)
values 0.6 | 0.73 1.6%00
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3—-2Experimental results 22
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3—-2Experimental results 23

(E1) kg = —0.0853,k. = —0.463,(kok. = 0.0395):
(E2) kg = —0.2134,k. = —1.1575,(kok. = 0.247);

(E3) ko = —0.3414,k_ = —1.852,(kok_ = 0.6322).

In eachcasethestability condition(11) holds
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3—2Experimental results 24

Upstream water flow
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Conclusion 25

We have consideredhon-homogeneous/stemsf n conserationlaws.
Thecontrolproblemis the boundarydampingof thesolutions.

Main result statesthat

If thedampingconditionis sufiiciently large

If the perturbation®f thehomogeneousystemaresuficiently small

Thenthe solutioncornverges(exponentially)to the (perturbed)
equilibrium.

We applied this resultto thelevel andflow controlin areach

wherecontrolactions= thebothspillways
= theboundaryconditions

lllustrations

e Oonnumericalsimulationdor arealriver

e Onanexperimentaketup
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