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Abstract

The aim of this paper is to study the asymptotic stabilityarhe wave equa-
tion with fractional damping accounting for visco-therrf@dses at the walls of
a flared pipe; moreover, the radiation boundary conditiothatend of the pipe
is described by a positive real impedance.

The difficulty of this model is twofold: first the fractionaiffterential operator
is non-local in time and must be transformed into a diffusmalization in the
sense of systems theory; second, although a global enenglgechuilt for this
system, made of the wave energy and the diffusive energyllegSinvariance
principle does not apply, since a lack of compactness is fouoad in this model.
In this case, a refined analysis of the spectrum of the gesvesithe semigroup
is needed, in order to apply Arendt—Batty stability theorehtis has already
been carried out on the ODE corresponding to the projectioordy one mode
in [Matignon & Prieur, ESAIM: COCV, 2005], but the questios éven more
difficult to tackle on the whole PDE.
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1 INTRODUCTION

Our goal is to study the internal asymptotic stability of afinite-dimensional linear
model, namely a wave equation in a 1-D bounded domain. Aickssmdamped wave
equation is known to be a conservative systems, which caessided by a group of
operators. On our more realistic model, there are two physiguses of dissipation:
the damping at the boundaries and the internal damping.

First note that usual boundary conditions at the two endseopipe, either Dirich-
let or Neumann boundary conditions are reflecting and ad¢doura conservation of
the wave energy; on the contrary, boundary conditionsnpiedanceype are absorb-
ing, and translate into dissipation of the wave energy,liped at the boundaries only.
Most models of impedance are formulated in the frequencyailonand not the time



domain; hence, since the impedances at stake, seen astramsftions, happen to
be positive real, one can apply the Kalman-Yakubovich-Rdpmma to build a real-

ization, at least in finite dimension. The latter realizatimppens to be of major help
in deriving an energy balance, which will prove useful in tability analysis of the

coupled system.

Second, there are different types of internal damping nsoftel waves, corre-
sponding to losses during the propagation; the most commes ardluid or viscous
damping, anKelvin-Voigtdamping. Both these models are local in time, and allow
for a straightforward semigroup formulation. Fluid damgpgorresponds to a uniform
shift of the poles in the spectral domain, or to an exponemtindow in the time
domain: the stability analysis of the system is quite eletamgnsee e.g. [14, theo-
rem 5.38]. WithKelvin-Voigtdamping, the high-frequency modes are more heavily
damped than the low-frequency ones, a situation which doesrdn applications,
making this model more realistic; the stability analysia t& performed by various
methods, see e.g. [14, section 4.3].

We are now concerned with a more complex damping model, krasitamping
of fractional order in time (not to be confused with frac@bdamping in space, which
involves fractional powers of the positive operatef): causal fractional integrals or
derivatives are non-local operators in time, which reqairénfinite-dimensional diag-
onal realization of diffusive type in order to get a semigrdarmulation. An energy
inequality is associated to this formulation, and a natway to proceed to analyze
stability would then be to use LaSalle’s invariance prifeign infinite dimension,
this principle requires to check the precompactness ofréjectories in the extended
energy space. Unfortunately there is no simple way to chieiskprroperty, since the
diffusive realization is made on an unbounded domain. Thithé reason why we
resort to some more sophisticated stability theorem, wiadires the analysis of the
spectrum of the generator of the extended semigroup.

The necessary ingredients, namely mathematical toolsbwintroduced step by
step, in order to understand where true and sometimes hilalaplexity lies in our
hierarchy of damped wave models. The paper is organizedllas/$o in section 2,
we consider damping models which enable the use of LaSailessiance principle,
thanks to a compactness property. Some of them are quitdesand do not require
any realization theory: fluid damping, absorbing boundanyditions with aconstant
impedance; they are just recalled§i2.1. Some other are more complex, and require
some realization theory in finite dimension: fluid or struatuidamping, absorbing
boundary conditions with a positive-real impedance give® Ipational function; they
are presented if©2.2. Finally in section 3, we consider complex models, whatfuire
some realization theory in infinite dimension, and for whichcompactness property
can be found, thus forbidding the use of LaSalle’s invamapinciple; for such mod-
els, a refined analysis of the spectrum of the generator afehrégroup is carried out:
reflecting or absorbing boundary conditions, pseudo-diffeal damping of diffusive
type, such as fractional derivatives or integrals. Sedtitmdevoted to conclusions on
the problems treated in this paper and future works, inolyditraightforward gener-
alizations and interesting open questions.



2 DAMPING MODELS WITH A COMPACTNESS PROP-
ERTY

2.1 Simple models without realization theory

We consider a wave equatidif¢ — 5 0.(r? 8.¢) = 0, wherez € [0, 1] is the space

variable and thearyingradius of the duct fulfills: € L>°(0,1; R™) andr > ry > 0.

2.1.1 Constantimpedances at the boundaries

Working on first order systems in ttig, v) variables, withp = 9;¢ andv = —r2 9. ¢,
the model rewrites:

atp - _T72 azv ) (1)
at’l} = _72 8Zp ’ (2)
pi(t) = FZiv(t) fori=0,1. )

The static boundary conditions (3) at= ¢ are formulated in the time domain, with
shorthand notation;(t) = p(z = i, t); the impedances fulfilD < Z; < +o0,
Zo+ 2 >0andZy 4+ 271 > 0.

As far as well-posedness is concerned, this model can bly easilyzed, using
semigroup theory. The functional spaces to be used are:

1 1
L= {p. | #r(:)de < +oo), B = {p e L, [ 17 + @) (:)ds < +oc),
0 0
1 1
L% = {v,/ v?r7%(2)dz < +oo}, Hl ={v € Lg,/ [v2 + (0.0)2)r2(2)dz < +o0},
0 0

then” = L2 x L2 as state space, atti= H} x H, to define the domain of operator

p(z=0)=—-Zhv(z=0
AasD(A) = {(p,v)T ev, pEz _ 13 _ Zlv(z(: 1) )
A follows from the identity: (AX, X)y = Zo|v(z = 0)> + Z1|v(z = 1)|> > 0,
VX € D(A). The proof ofmaximalityof .4 can be done as in [10], it is a little bit
involved, due to the boundary conditions.

Finally, asymptotic stabilitgan be easily proved using LaSalle’s invariance princi-
ple: the only equilibrium point igp*, v*) = (0,0). Now the resolvent ofd is compact,
becauseD(A) is a closed subspace dfand the embedding df into H is compact
thanks to Rellich theorem; we then conclude with [14, Theo865].

Note that the modes of this system form a Riesz basis of theygspaceH (see
e.g. [11] for a full proof, which makes the equivalent scglerduct explicit).

} . The monotonicityof

2.1.2 Fluid damping

Studying the wave equatidaif g+ (z) 0;¢p— 0. (r? 0.¢) = Owithe € L>(0,1;R™)
does not require more realization theory either: only therafor.A is modified, not
the functional spaces. Sg| generates &°-semigroup of contraction oi, see e.g.
[5]. And even forreflectingboundary conditions (namely; = 0 or +oco for i = 0, 1),
it can be proved that the system is asymptotically stabjiged that:=(z) > ¢ > 0;



otherwise, some intervals [f, 1] can be left undamped. However, care must be taken
that the equilibrium points ar@*, v*) = (0, v*) in the four possibleeflectingcases.

2.2 Models with realization theory in finite dimension

When more realistic frequency-dependent boundary camditare considered, one
needs to check their positivity and then rewrite them as ahyoal system with pos-
itivity properties, see e.g. [4]. The stability of a coupleBDE-ODE system has also
been studied in [6], using LaSalle’s invariance princifdlae coupling between passive
subsystems is being used as main method of analysis, as,ioH14].

Let us consider the first order system (1)—(2) in thev) variables with:

pi(s) = F2i(s)0i(s) fori=0,1. (4)

The dynamical boundary conditions (4):at ¢ are formulated in the Laplace domain,
with shorthand notatiop;(t) = p(z = 1, t); the impedanceg;(s) are strictly positive
real, i.e.Re(Z;(s)) > 0, Vs, Re(s) > 0.

2.2.1 Dissipative realizations for positive-real impedaces (Kalman-Yakubovich-
Popov lemma)

For a strictly positive real impedancg;(s) of rational type, we choose minimal
realization(A;, B;, C;, d;) with statez; of finite dimensionn; (A; € R"*" B; €
R™*1 C; € RY>™ andd; € R); then, following e.g. [23], there exist® € R™*™,
P; = PT > 0, such that the following energy balance holds:

1

T ’ '
/0 pit) vi(t) dt = 3 (a (T) Prna(T)) + 5 /0 (5 (1) ”@'“)Wi@((f))) "

_ATP, — P A, T _ p,B;
With/\/li:< Ah-BA O BBZ>20.

C; — BI'p, 2d;
2.2.2 An abstract formulation

Thus, the global system (1)—(2)—(4) can be put in the alisivam 0;X + A X = 0,
where:

i) —ono - BO U(Z = 0)
T o —Al.%'l - Bl ?}(Z = 1) .

A P - 7"_2 8ZU ) (5)
v r20.p

together with the boundary conditiopéz = 0) = —Cozg — dpv(z = 0) andp(z =

1) = Cyz1 + div(z = 1). In order to analyze the well-posedness of this system, we
define the state spa@eé = R0 x R"! x L]% x L2 and, withy = R x R™ x H; x H},

the domain of operatod as:

) = {impor” €3, [ Y 7 A )



Themonotonicityof A follows from the identity:vX € D(A),

(AX, X)y = %(mg U(O))Mo <vg€8)> + %(xlT v(l))./\/ll (ib) >0. (6)

The details of the proof ahaximalityof A can be found in [10].

At this stage, it must be noticed thzt also hascompactresolvent, because the
new componentsy, andx1, are finite-dimensional. So, there is no problem to apply
LaSalle’s invariance principle to prove that the only edpuilm point is the origin
(x§, x7,p",v*) = 0, at least in the fairly general casel, > 0 andM; > 0. Hence
the system is asymptotically stable.

3 DAMPING MODELS WITH NO COMPACTNESS PROP-
ERTY

The model under study, found originally in [12, 13], reads:
1
o +n() 9,6 +2(2)9,% 6 — —0.(° 9.9) = 0; (7)

static boundary conditions are associated to (7). Themsfypectral and time-domain
consequences of such an integro-differential perturbatibthe wave PDE can be
found in e.g. [19].

Working on first order systems in ttig, v) variables leads to:

op = —r20w—c8, Pp—nop, (8)

ov = —r? o.p , 9)

p(z=0,t) = 0 and wv(z=1,t)=0. (10)
1/2

Here we first need to realize both pseudo-differential dpesanamely), /'~ as a
standard diffusive realization §13.1.1, an(ﬁtl/ ? as an extended diffusive realization in
§3.1.2. Then, irt 3.2, we rewrite (8)-(9) as a coupled system with four stat@bies:
this will help prove the well-posedness of the system usemigroup theory.

3.1 Diffusive realizations in infinite dimension

Diffusive realizations of causal pseudo-differential igters have been introduceg e.g.
in [24, § 5], with many counterparts and extensions: the matrixa@lcase has been
investigated in [22] with an application to the beam; tharfokation in discrete time
has been studied in [7]. In the sequel, we present the srlifwsive realization
which applies to fractional integrals, and the extendeflisiife realization which ap-
plies to fractional derivatives.

3.1.1 Standard diffusive realizations

Let M a positive measure dR* satisfying the well-posedness condition = 0°° fTMg

+00. Consider the dynamical system with inputc L?(0,7T'), outputy € L?(0,7)

<



and statep € Hy = L*(RT,dM):
Aho(6,t) = —€4(E1) + u(t); ¢(E0) =0, VEESRT, (11)
+oo
vt = [ elende). 12)
0

Theny = djru, with transfer functionD,,(s) = f0°° dsMT(g),
well-posed linear system, see [21].

The following energy balance can be proved:
T 1 +00 T +o0
/0 u(t) y(t) dt = ) o(&,T)*dM +/0 /O Q& t)2dMdt . (13)
The right hand side of (13) is split into two terms, a storagecfion evaluated at time
T only, E4(T) = 3 \|¢(T)||§{M, and a dissipated energy on the time intelf@all").

A useful example can be developped with;(d§) = % €78 d¢ for somel <
8 < 1, which provides aliagonal realizationfor the fractional integral operatorof

order 3, for which Dy, (s) = 578, to be used in the sequel with= %

for Re(s) > 0. Itis a

3.1.2 Extended diffusive realizations

Let N a positive measure dR™ satisfyingcy = 0°° {i—fg < 4o0. Consider now the

dynamical system with input € H'(0,T), outputz € L?(0,7T) and statéﬁ € Hy =
L*(R*,£dN):

Bd(Et) = —€o(E,t) +ult); $(6,0) =0 VEeR, (14)
+oo +o00 .
A0 = [ adenave = [ [u) - £ote.0] aNe). a9

Thenz = dyu, with transfer functionDyy (s) = s [ 22, for Re(s) > 0.

The following energy balance can be proved:

T 1 +oo T ptoo .

/0 u(t) z(t) dt = 5/0 (&, T)*dN +/0 /0 (u—€E¢)*dNdt. (16)
Again, the right hand side of (16) is split into two terms, erage function evaluated
at time7" only, EZE(T) =1 H%(T)H%N, and a dissipated energy on the time interval
(0, 7).

Analogously, a useful example can be developped Withd¢) = M;_,(d§) =
Sin%f*a d¢ for some0 < « < 1, which provides adiagonal realizationfor the
fractional derivative operatoof orderc;, for which Dy (s) = s, to be used in the
sequel withe = 3.

3.2 An extended energy inequality

Thus, the global system (8)—(10) can be put in the abstraot X + A X = 0,
where:

P r20,u+¢ 0+°Og0dM+77 f0+oo [p — £p] AN
v r20,p

A = z ; 17
p §p—p a7
¥

§o—p



together with the boundary conditiopéz = 0) = 0 andv(z = 1) = 0.

In order to analyze the well-posedness of this system, wedate the state space
H= L; x L2 x L*(0,1; Hyp;er? dz) x L2(0, 1; Hy;nr? dz) and, withY = H; X
H! x L2(0,1; Va;er? dz) x L2(0,1; Hy;nr? dz), the domain of operatod as:

p(0) =0

v(1)=0

(p—&p) € L(0,1; Hys; € 1 d2)
(p—€@) € L*(0,1; Viv;nr? dz)

Themonotonicityof A follows from the identity:vX € D(A),

D(A) =} (p,v,0,0)" €V, (18)

1 1
AX. X = [ el et [ p—galhntasz0. o)

The details of the proof ahaximalityof A can be found in [10]. Hence4 generates
aC-semigroup of contractions d.

At this stage, it is of utmost importance to notice that theoheent of A is not
compact, and a major difficulty arises in the use of LaSaife/ariance principle.

3.3 Asymptotic stability: a difficult question

Note that the asymptotic stability of the equilibrium idisiin open question, in the
nortlinear case, because the precompactness of the trageciarithe energy space
cannot be proved. More preciselysafficientcompactness criterion, such as [14, The-
orem 3.65], does not apply in our cases, because afrtheundednessf the&-domain
for the diffusive equation. This is the reason why LaSalis&riance principle (see
e.g. [14, Theorem 3.64]) cannot be applied without a deepalysis. The Hartman-
Grobman-like theorem of stability in the vicinity of an hypelic equilibrium point is
hard to apply in infinite dimension, as proposed in [3] on sdammses.

In the linear case though, a refined analysis of the spectrum of generhtbeo
semigroup can be performed, which allows for the use of thbil#ly results of [1,
Stability theorem], [15] or [14, Theorem 3.26]: a direct hggtion of this result on
the pseudo-differentially damped linearized pendultimy 929+ 9, " I+w? ¥ = 0,
can be found in [20]. Note that in [18], stability conclussohave been drawn on the
Webster-Lokshin modekith constant coefficientaising first a modal decomposition
on a Riesz basis, and second, the asymptotics of the eigeiaius of thed;* operator
(of the Mittag-Leffler family), first proved in [16].

3.4 Analysis of the spectrum of the generator

In order so be self-contained, let us first recall:

Theorem 3.1. [1, Stability theorem]Let us consider the infinitesimal generatdrof

a bounded’’-semigroup on a reflexive Banach space. Assume that no algernf.4

lies on the imaginary axis. H(.A) NiR is countable, then the semigroup generated by
A is asymptotically stable, which means that the solutiorth@tifferential equation
2'(t) = Az(t) tend to O witht — oo.

Note that, following our notations, the infinitesimal geater of the semigroup,
defined by (17), is denoted by.A.



3.4.1 No spectrum in the right-half plane

Following e.g. [5], since-.A generates a contraction semigroup, it is necessarily a
bounded semigroup, hene¢—A) N {s € C, Re(s) > 0} = 0.

3.4.2 Spectrum on the imaginary axis

As in [20], it will be necessary to make a distinction betwees 0 and\ = iw # 0.
Step 1. Solving for A X = 0 leads toX = 0, thanks to the boundary conditions in
(18). Hence\ = 0 is not an eigenvalue of A; but of course, it can be proved that
A = 0 belongs to the continuous spectrun(—.A).

Step 2. Now, in order to prover(—A) N {iw, w € R, w # 0} = 0, we show the
continuity of the resolventiw I + .A)~! on . Following the techniques developped
in [10, chap. 2], given anyY = (f,g9,x,X) € H, we seek som& = (p,v, ¢, 5) €
D(A), such thatiw I +.4) X =Y. For the last two componentsands, an algebraic
inversion if perfomed, which gives rise to a set of two coddiest-order equations in
the unknowngp, v). In order to solve them, we first replace= (iw)~!(g — r2 0.p)
and get a weak version of these two in the followiragiational form

Findp € H} such that:

(20)
aw(pa (;7) = lw(Q)> Vq € H;a
where
1 1 1
aw(p,q) = /O QPG+ 0apdog) Pz, Lu(g) = iw /O ho g d= + /O 90.qdz;
o0 1 o0
0O = — 2+' / - dMg — 2 / ; dM—a§
(=) Frives) [ gy =) [

ho(z) = f(z)—e(2) /000 x(2,€) dMpg + 1(z) /OOO X(z,&)§EdM;_,,.

tw~+ & tw+ &

First, a,, is a continuous sesquilinear form cﬂﬁ; X H;; second, it can easily be
proved thath € L2, thusi,, is a continuous antilinear form oH;; but, unfortunately
Re(Qz)) = —w?4w?e(z) [;° wg#ﬁg dMg—w?n(z) [5° WQLHQ dM, _,, has no defi-
nite sign, thus we canotapply the complex version of Lax-Milgram theorem in order
to conclude.

Therefore, we have to resort to tReedholm alternativeindeed, (20) can be rewritten
as —(Kp, q)Hé + (p, q)Hé = lu(q), or equivalently—Kp + p = L, whereK is a
compactoperator inH!, andL,, € HI} is given by Riesz representation theorem for
the continuous antilinear fory,. It remains to show that is not an eigenvalue o€,
which turns out to be true, since, inspecting the imaginairy pf the problem, we get

1 o) o]
§ 2 / 1 2.2
L) V) My, dz =0,
w/o [e(z)/o s 5+ w n(z) i e 1 Ip(2)|° r=dz

which impliesp = 0 in HI}, since bothe andn are strictly positive.
Conclusion. From the two previous steps, and using [1, Stability thedreva can
conclude to thesymptotic stabilityf the Webster-Lokshin model (8)-(10) #.



4 CONCLUSIONS AND FUTURE WORKS

4.1 Conclusions

The first aim of this paper is to show that systems theory, hanealization theory
(either finite- or infinite-dimensional), cannot be bypaksethe analysis of complex
systems. Conversely, the second aim is to show that dravanglusions on the sta-
bility of an infinite-dimensional dynamical system from arf@l energy analysis can
only be misleading (if not false), and that one must resomtwoe sophisticated theo-
rems. This shows the necessary interplay between matteahatialysis and systems
theory.

More precisely, in this paper we have been able to prove the@tstic internal
stability of a linear Webster-Lokshin model, which uses eamfinite-dimensional
realization theory on the one hand, and requires to resoftrémdt-Batty stability
theorem on the other hand.

4.2 Future Works

A first useful generalization of this result is the combioatiof an impedance as in
§ 2.2, with some fractional damping as§rB: the well-posedness of the global system
has already been proved in [8, 10], hence only the spectedysia of the generator of
the extended semigroup needs to be performed, this shotltereomajor difficulty.

A whole family of PDE models with fractional or diffusive dging has been
introduced in [17], their well-posedness was proved, batabymptotic stability still
needed to be proved properly: using Arendt-Batty theoreaulshdefinitely help in
this respect.

Another important question to be investigated is the follmy In Sectior; 2.2.1,
by assuming that the impedané® are of rational type, and by using the Kalman-
Yakubovich-Popov lemma, we get the existence of a minimalization of finite di-
mension. A natural question is the following: for more gethpositive real impedances,
which are irrational functions, does their exists a reélirain infinite dimension (see
e.g. [25]), minimal in some sense (see e.g. [2]) ? If yes, hawithelp in order to
achieve our stability analysis?

Now for non-linear systems, such as the Burgers-Websthkstio equation which
accounts for the propagation of pressure waves in a brassingtrument, the well-
posedness could be proved using e.g. [9], but the stabiliégtipn remains open, even
though (non-quadratic) energy techniques seem to proWidedésired result, up to
some missing compactness argument!
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