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Transfer functions

e Ordinary differential equation:

z(t) =z(t) + u(t), z(0)=0 = Z(s)= u(s).

e Differential time-delay equation:
z(t) = z(t) + u(t), x(0) =0,

0, 0<t<h = Is)= ).
y(t):{z(t—h), t > h, (s—=1)

e Partial differential equation:

9%z 0%z

ﬁ(x’ t) — 32 ﬁ(x, t) = 0,
- (21-%)

0z e " —e @

Z(X7 0) = 07 a()@ 0) = 07 = 5/\(5) == ( 22 ) E(S)
)

z(0,t) = u(t), z(/,t)=0,

y(t) = z(x, t),

Alban Quadrat



Examples of transfer functions

e Heat equation:

0z , 0%z
a( ) A Ox 2(X t) 07

(e)\(l—i)\/g e

A (1=%) \/E)

z(x,0) =0, T(e) —
= y(S) - (e/\/\[
z(0,t) = u(t), z(l,t)=0,
L y(t) = z(x, 1),
e Telegraph equation:
0%z , 0%z
@(x, t)—a W(X’ t) — kz(x,t) =0,
0z
z(x,0) =0, E(X,O) =0, = Y(s)=e
z(0,t) = u(t), limy_iooz(x,t) =0,

y(t) = z(x, t),

Sief

A/ﬁ) u(s).
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Signal spaces

e Let us define the right half plane C; = {s € C|Res > 0}.

e The Hardy algebra H*°(C. ) is defined by:
H>(C4) = {analytic functions f in C| || f |[co= sup |f(s)] < +o0}.
seCy

H>(C.) is a commutative Banach algebra.
e The Hardy C-vector space H?(C..) is defined by:

H?(C ) = {analytic functions f in C, |
- ) 1/2
| £ llo= supees, (S5 IFGc+ iy)Pdy ) < oo}
H?(C) is a Hilbert space and H(C) = £(L?(R4)), where:
P(R,) = {g Rﬁm/ g()? dt < +o0}.
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Signal spaces

o [Y(Ry) = {f:[0,+cc[= R | | f 1= [y |f(t)| dt < +o0},
“+o0o
MzZy)={a:Zy ={0,1,..} > R || (a)iez, 1= _ lail < +o0}.
i=0

e Definition: The Wiener algebra A is defined by:

A={f=g+ Y% aiden)| g€l (Ry), (ai)icz, € I"(Zy),
O=ho<h<h<..

e A is a commutative Banach algebra w.r.t.:
[ lla=1lgll+1(a)iez, 1

o A=1{L(f)|fed), [Fflz=IFla
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[2(R,) — L*(R)-stability

e Theorem:
@ Va, bc HO(Cy), Vf, g€ H*(Cy): af + bg c H?>(C.).
Q Let h= g 0+#d, ne€ H*®(C,). Then, linear operator

A:H*(Cy) — H?(Cy),
u — hu,
is bounded, i.e.,
dom(A) = {u € H*(Cy) | Mu) € H*(Cy)}= H*(Cy),

iff h € H*(C,.). Then, we have:

IA Il (H*(C), HY(Cy)) =
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e Theorem: Let p € [1,+0o0].
Q@ Va, be A Vf, gelP(Ry): axf+bxgelP(Ry).
@ Let h=nxd 1, 0+#d, nc A. Then, the linear operator
AN:L2(Ry) — L2(Ry),

u — hxu,

is bounded, i.e., domA = L%(R,), iff h € A and:

[ hxufloo

| Al () Loomy))=  sup = Az

0#ucl>(Ry) | ulloo

@ 7 € Ais analytic and bounded in C; = {s € C | Res > 0}
and continuous on i R:

o~ ~ ~ _l 0o o~
[ fllo <[ fllz ACH(Cy) (e75 € H?(Ci)\A).
Q BIBO-stability = L[P(R.)— LP(R, )-stability.



—hs
op= :_ 1 ¢ H*(CL) as p has a pole at 1 € C,
= A:HYCL) — H(CL),
N N e~hs is unbounded,
u — y =61 u,

= A L2(Ry) — L*(Ry),
is unbounded.
u +— y:et_hY*u,

1 . 1
L] u:e_tY€L2(R+): ” U||2: \/E, UZ5—|—71€H2((C+),
e~ hs ) e hs
y = H4(C ——— = L(sh(t—h)Y).
=Yy 52_1¢ ( +)7 2 _1 (S ( ) )

= y(t) = /Ot_h el T e Tdr =sh(t— h)Y¢ [2(R,).
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e—hs

1 ¢ A because p hasapole at 1 € C.
S_

e D=

et Y € Lo(Ry), | e 'Y o= 1

t—h
= y(t) = /0 et P T e T dr = (sh(t — h)) Y L¥(R,).

= The plant p is not BIBO stable.
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Stabilization problems

e Let the open-loop TW+——y = pu be unstable.

e Is it possible to find a controller ¢ such that the closed-loop is
stable, e.g., for all Ty, T € H?>(C,) or for all uy, up € L®(R)?

y2 c — + u2

e Can we parametrize the set of stabilizing controllers of p?

e s it possible to find robust/optimal controllers ¢ of p?
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The fractional representation of plants

e (Zames) The set of transfer functions has the structure of an
algebra (parallel +, serie o, proportional feedback . by R).

e (Vidyasagar) Let A be an algebra of stable transfer functions
with a structure of an integral domain (ab=0, a# 0 = b=0)
and Q(A) its the field of fractions:

QA)={p=n/d | 0#d, ne A}.
e K represents the class of systems:

pEA = pisstable & pe K\A = pis unstable.

e (Zames) The algebra A of stable transfer functions has to be a
normed algebra so that we can consider the errors in the
modelization & approximation of the real plant by a model

(e.g., Banach algebra: || ab|la<| allallblla |I1][a=1).



e Let RHy, = R(s) N H*(CL): algebra of exponentially-stable
finite-dimensional plants:

RHso = {n/d € R(s) | degn < degd, d(5) =0 = Res < 0}.

1
1 _(m) 1 s—1

'D:s—l_ (g)’ s+1° s+1
s+1

€ RHyy = p € Q(RHx).

o A: algebra of BIBO-stable oo-dimensional plants:

—hs
—hs (L) —hs
e s+1 e s—1 A ~
= = , , cA = pe .
P=51 (s—i) s+1 s+1 A p € Q(A)
s+

e H®(C,): algebra of L?(R )-stable co-dimensional plants:

1+e 28 ~2s ~2s ¢
p—El_:—zs;eo(H‘”(&)): 1+e™?°, 1—e 2 e H®(Cy).
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(Weakly) coprime factorization

e Let A be an algebra of stable transfer functions and:
K = Q(A)={n/d, 0#d, nec A}

e Definition: A transfer function p € K admits a weakly coprime
factorization if:

30#d,n€A: p=n/d, VkeK: kn kde A = kecA

e Definition: A transfer function p € K admits a coprime
factorization over A if:

30#d,n,x,y€eA: p=n/d, dx+ny=1
e A coprime factorization is a weakly coprime factorization:

VkeK: kn, kde A = k= (kd)x+(kn)y € A
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o Example: Let A= RH and p = 13y € R(s). Then,

L S Gt B
P=a "T )G+ T +D(s+2) 7
is not a weakly coprime facorization as:

(s+2)n= (g5 €A

(s+2) € Q(A) =R(s), (s+2) ¢ A,

-1
(s+2)d= P e A
e Example: Let A= RHy and p = ﬁ € R(s). Then,
n 1 (s—1)

P=3 "T Gt s+1) -7

is a coprime factorization of p as we have:
-1 1
(s ) =1, x=1, y=

+
(s+1) (s+1)



Internal stabilizability

e Let A be an algebra of stable transfer functions, K = Q(A).
e Let p € K be a plant and ¢ € K a controler.

e The closed-loop system is defined by:

(U1> 1 c (6‘1) y1 = € — Uy,
u» —p 1 €2 ’ Yo =u3 — e€1.

e Definition: c internally stabilizes p if we have:

1 C -1 1 L 1 <
H(p,C) _ < ) _ ( +ppc ILPC > €A2X2‘
—p 1 1-pc 1+pc

Then, c is called a stabilizing controler of p.
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e Example: A= RH,,, K = Q(A) =R(s).

= s+1 —s+1
P= (1) N e = ((25+1)) t + ((25+1)) u2;
_ (s—1) +1 +1
€= (v € = (25&)(5)_1) up + ((255+1)) uz.

= ¢ does not internally stabilize p because:

s(s+1)

@511 1) ¢ [be (poleat1eCy).

e Example: A= RH,,, K= Q(A) =R(s).

s—1 s—1
{ P = (sil)’ N e = _Es-&-l; g —2 Es+1; us,
°=-2, @ = g 2 )

= the controller ¢ internally stabilizes the plant p.



Strong and simultaneous stabilizabilities

e Let A be an algebra of stable transfer functions, K = Q(A).

e Definition: p € K is strongly stabilizable if there exists a stable
controller ¢, i.e., ¢ € A, which internally stabilizes p.

e Definition: The plants p1,..., p, € K are simultaneously
stabilizable if 3 ¢ € K which internally stabilizes p1, ..., pn.
e Interests of the strong stabilizability:

Safety, good ability to track reference inputs.

e Interests of the simultaneous stabilizability:
The controller is designed to stabilize a family of plants, e.g.:

operating conditions, failed modes, loss of sensors/actuators,
changes of operating points.
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e Example: A= RH,,. The plant p = (sfll) € Q(A) is strongly

stabilized by ¢ = 2 as we have:
1 (s—1) p 1 c 2(s—1)

l+pc (s+1) 1+pc (s+1) 1+pc (s+1)°

« Example: A= H>(C.). The plant p = <3 € Q(A) is

strongly stabilized by ¢ = 1 as we have:

1 _1—e_25 p _1—|—e_2s c _1—e_2s
l1+4pc 2 ' 14pc 2 ' 14pc 2

e Example: A = RH,,. The rational plants defined by

1 2s

s+1) PTG+

are simultaneously stabilized by ¢ =2 Ezig
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Robust stabilizability

e Let A be a Banach algebra of stable transfer functions
(e.g., A= H>®(Cy), A, AD), Wy).

e Definition: Let c € K = Q(A) be a stabilizing controller of
p € K. Then, c robustly stabilizes p if there exits ¢ > 0 such that
c internally stabilizes one of the family of plants:

© Additive perturbations:
Bi(p.d) = {p+5| VS €A, [[§]a< e

@ Multiplicative perturbations:

Ba(p,0) = {p/(1+5p) | V6 €A, 5 ]la< c}.
© Relative additive perturbations:

Bs(p.3) = {p(L+6) V5 €A, [|5]a< e

@ Relative multiplicative perturbations:

Ba(p.0) = {p/(1+6) [V € A, [ la< c}.



A fractional ideal approach (SCL 03)

e Ais an integral domain of SISO stable plants and K = Q(A).

e Let p € K be a plant and let us introduce the fractional ideal:
J=(1,p)2 A+ Ap.

e J is defined by all the stable linear combinations of 1 and p.

e Why do we need 17 Algebraic answer: the structural properties
of a plant p only depend on the system:

y—pu=0 < (1 —p)<y>:0.

u

Analysis answer: the structural properties of a plant p depend on
the graph of the unbounded operator:

u—y=pu.
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Theory of fractional ideals

“Dedekind’s invention of ideals in the 1870s was a major turning
point in the development of algebra”, Stillvell.

e Definition: An A-submodule J of K = Q(A) is a fractional ideal
of Aif 30+ d € Asuch that (d) J = {dj|je J} C A

e A fractional ideal J C A is called an ideal of A.
e A fractional ideal J is principal if 3 k € K s.t. J = Ak = (k).
O/J:{Z;;la;b;‘a,'G/./ b,‘EJ},A:J:{kEK’(k)JgA}.

e A fractional ideal J is invertible if 3/ € F(A) such that | J = A.

If J is invertible then its inverse J~! is unique and defined by A : J.
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Main results (SCL 03)

e Let A be a ring of stable transfer functions and K = Q(A).

e Let p € K be a transfer function.

o Let J = (1, p) be a fractional ideal, A: J={d € A|d p € A}.
e Theorem: 1. pisstable iff J=Aiff A: J = A.

2. p admits a weakly coprime factorization iff:
dJ0#deA: A:J=(d).
Then, p=n/d, (n=dp € A), is a weakly coprime factorization.
3. pis internally stabilizable iff J is invertible, i.e., iff:
da,be A, a+bp=1 apeA
If a# 0, then ¢ = b/a is a stabilizing controller of p and:
Jl=(a b), a=1/(1+pc), b=c/(1+pc).



Main results (SCL 03)

4. ¢ € K internally stabilizes p € K if we have:
(L p) (1, ¢)=(1+pc)
5. ¢ € K externally stabilizes p € K, i.e., pc/(1 — pc) € A, iff:
(1, pc)=(1+pc).
6. p is strongly stabilizable iff there exists ¢ € A such that:
(L, p)=@+po)

7. p admits a coprime factorization iff J is principal.

Then, there exists 0 # d € A such that (1, p) = (1/d) and
p = n/d is a coprime factorization of p (n = d p € A).
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e let pe K and J = (1, p). If Jis invertible, then we have:
leJA:N)=@Q,p)({dcA|dpecA})={at+8p|a, BcA:J}

at+bp=1,

< da, beA: { apEA bpeA.

If a# 0, then ¢ = b/a € K satisfies:

1 _c
H(p, c) = ( prc 11“"-' > - < aap _ab ) € A,

1+pc 1+pc

= ¢ = b/a internally stabilizesp (a=0=c=1+b1S p).
o If pis internally stabilizable, then there exists ¢ € K s.t.:
a=1/(14pc)e A, ap=p/(l+pc)€e A, b=c/(l1+pc) € A.

Let / = (a, b). Then,a+bp=1clJ=IlJ=A=1=J1



s

o A=H*(Cy), p=Z5€Q(A). J=(1,p)

ged (&7, 51) =1 = A: J={deAldpe A} = (1),

e p is internally stabilizable iff

Jda,be(A:)): a+bp=1 < 3Tx,ycA: :<ﬂ>

at+bp=1<« (2;—}) (x+py)=1 @x—ﬂ—py

_ (stl)—e?y
eX="TNT

excA= ((s+1)—e"y(s)(1)=0 = y(1) =2e.



e Hence, we can take:

1—e (1
y(s)=2e = x(s)=1+2 ——1 € A.

e Therefore, we get:

= A stabilizing controller ¢ of p is defined by:

c—é— 2e(s—1) _ 2e(s—1)
a2 (s—1D)+2(1—e Gy s41-2e (1)
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e J= (1, p) is principal iff there exists 0 # k € K s.t. J = (k),
i.e., iff there exist 0 £ d, n, x, y € A s.t.:

1=dk, k=1/d,

p=n/d,
p=nk, & p=n/d, &

dx+ny=1.
k=x+yp 1/d = x+y(n/d),

p admits a coprime factorization p = n/d iff J = (1/d).
e A principal fractional ideal J = (k) is invertible: J=1 = (1/k).
e(dx)+(dy)p=1ie,a=dx, b=dyec Jt=(d),

= ¢ = b/a= y/x € Stab(p).

Alban Quadrat



o let A= H>(C,) and p = % € K =Q(A).

e Let J = (1, p) be the fractional ideal of A generated by 1 and p.

o /= <%) is a principal ideal as we have:

e - (2 () 2 @)

p= g, N= o5y d= g;ig is a coprime factorization of p:

(x) & (:1) 1+2 (1_:_(11))) + <Se+51> (2e)=1.

Alban Quadrat




o If p is strongly stabilizable then there exists ¢ € A such that:

1 p
? 1+pc » 4P 1+pc

€A b=

=caceA
1+pc

Using the fact that ¢ € A, we obtain:
JFlo(ab)=(a) = (1+po) ) = J= () L= (1+po).
e We suppose that there exists ¢ € A such that (1, p) = (1+ pc)

l1=d(1+pc), p=n/d,
=
p=n(l+pc), d+nc=1,

1 __c -1
N 1+pc 1+pc _ d —dc € A2X2
_p 1 n d
1+pc 1+pc

= ¢ € Ainternally stabilizes p, i.e., p is strongly stabilizable.

= 30£d, ncA: {




(1+e29)

e A=H>®(Cy), K=Q(A), p= (i—e27) € K.
e We have J = (1, p) = (ﬁ) because:
1
1 — 1 —2s
(1+e7%%) -2 1
— — 1 S
P=(izezs It ) g oasy
11 10+e?)
(1—e25) 2 2(1—e25)
 (14e729)
= coprime factorization P (1—e=2s)
T1—e2)+3(14+e29) =1
= ¢ = 1 is a stable stabilizing controller of p.
e Check: 1+ pc= ﬁ and J = (ﬁ) =(1+po).
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e Let A be the Banach algebra W, of analytic functions in the
unit disc ID whose Taylor series converge absolutely:

+oo +o0o
W+—{f(z)—Za,-zf Z’a,"<+00}.
i=0 i=0

e A is the algebra of the BIBO-stable causal filters.

e Let us consider J = (1, p) where p = e‘(%fi)

n:(l—z)3e_(%) €A,
d=(1-2z)3 €A,
e Theideal A: J={d € A|dp e A} of Ais not finitely

generated (R. Mortini & M. Von Renteln, “Ideals in Wiener algebra”,
J. Austral. Math. Soc., 46 (1989), 220-228).

= p does not admit a (weakly) coprime factorization and is not
internally stabilizable.
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e Let A be the disc algebra A(D) of holomophic functions in the
open unit disc D = {z € C | |z| < 1} which are continuous on the
unit circle T = {z € C | |z| = 1}.

e We have n:(l—z)e_(g)GA, d=(1-2z) €A,
= p=n/d=e (1Z) € QA), J=(1,p).

e Theideal A: J={de€A|dpe A} ={de€A|d(1)=0}of A
is maximal and is not finitely generated (R. Mortini, “Finitely
generated prime ideals in H> and A(D)”, Math. Z., 191 (1986),

297-302).

= p does not admit a (weakly) coprime factorization and is not
internally stabilizable.
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Robust stabilization

o Let pc Q(A) and 0 € A.
e c € Q(A) internally stabilizes p and p + 0 iff we have:

(1, p)(1, c) =(1+po), (L p) (1, c)=(1+po),
{(Lp+5MLC)=ﬂ+%p+®6L(b{(LpHLC)=U+%p+®CL

(1, p)(L,c)=(1+pc), clSp,

= 1+(p+6)c> ( 5c) = Sc
SEPTUE) = (14 = A, _0¢ .
( Ifpc 1tpc a9 €A

o If Ais a Banach algebra, then (small gain theorem):
l1—alla< 1= acUA)={acA|IbcA: ab=ba=1}.
= A sufficient condition for robust stabilization is:
I3 la<llc/L+pe)la".

Alban Quadrat



Robust stabilization

e Let A be a Banach algebra, p € Q(A) and 6 € A.
e c internally stabilizes p and p/(1 + ¢ p) iff we have:

{ (L, p) (1, c)=(1+pc),
(1 oBy) 0O = (1+ 255

- (L, p) (A, ¢)=(1+pe),
(1+6p, p)(1,c)=1+pc+dp),

(L,p) (1, c)=(1+po), clS p,

A l1+pc+ép op A op
SEPETOP) _ (4 — A, 1+ 2P _cu).
( 1+pc ) <+1+pc (1+pc) (4)

= A sufficient condition for robust stabilization is:
161la<llp/(L+pc) iz
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General Q-parametrization (SCL 03)

e Theorem: Let c be a stabilizing controller of p € Q(A),
a=1/(14+pc), b=c/(1+pc), J=(1,p).
Then, all stabilizing controllers of p are
b+ a®q1 + b q2
a—a’pq—b’pq’
where g1 and go any element of A: a—a’pqi — b> pgo # 0.

C(q17 q2) -

1. (%) depends on only one free parameter

& p? admits a coprime factorization p? = s/r.

b+rq
& =— VY A: a— 0.
(x) < c(q) s rpg 4EAS rpq#
2. If p admits a coprime factorization p = n/d, dx+ny = 1:
d
(*)(z)c(q):y+ q’ VgeA: x—nq#0.
xX—ngq
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Solving Zames-Francis’ conditions

e Let p € Q(A) be an internally stabilizable plant
< Jda,be A, a+bp=1 apcA (¥
< dbe A, bp, p(l+bp)e A (Zames-Francis)
e If a# 0, then c = b/a = b/(1 + bp) internally stabilizes p.
e J=(1, p) is invertible and J~ = (a, b) = J2 = (1, p, p?)
= J2=(P)T={acAlap, ap®c A}.

= J2 =12 =(a, b)> = (a, ab, b?).
e Using (x), we get ab = (b) a®> + (ap) b? € (a°, b?)

= J72 =(a%ab, b?) = (a°, b?).
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Solving Zames-Francis’ conditions

e Let us find all the possible &’ and b’ satisfying:
J1d,beA d+bp=1 dpecA (1)
e Using the fact that a, b, ap€ Aand a+ bp =1, we get:
(b —b)p=a—-ad cA (b-bp*=(a—a)pcA,

= b —bec{acAlap, ap®*c A} =(a%, b?),

b'=b+q1a®+ q b7,
= Jq, peA: , 5 ) (2)
ad=a—(qua*+qb%)p,

b b 2 b?
_ 2tanT T q € Stab(p)

= ===
a  a—(qa®+ q2b?)

e We can check that, for all g1 and g, € A, (2) satisfies (1).
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Zames-Francis Q-parametrization

e Let p = n/d be a coprime factorization of p over A:

dx+ny=1.

= J=(1/d)= J% = (d?),

= a=dx, b=dycJl=(d): a+bp=1, apcA

b+qd®> dy+qd®> y+qd
a—qd?p dx—dng x—nq’

= c(q) =

e Conclusion: We have just found again Zames-Francis and
Youla-Ku&era parametrizations of all stabilizing controllers of p.
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K. Mori, CDC 1999, 973-975

e Let A= R[x?, x3] be the ring of discrete time delay systems
without the unit delay.

e A is used for high-speed circuits, computer memory devices. . .
op=(1-x)/(1-x*) € Q(A), J=(1,p).
e Using (1 —x3) (14 x3) = (1 — x2) (1 + x% + x*), we get

(1= 1+ x2+xY)
Pma—5) " 1+

A:J=(1-x% 1+ x3)is not principal because (x + 1) ¢ A.

= p does not admit a (weakly) coprime factorization.
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-
e J(A:N)=(1—-x%31+x31-x3 1+x2+x%).
e (14+x3)2+(1—-x3/2=1cJ(A:J)
a=(1+x3)/2€A:J,
= b=(1-x3)/2€A:J,
at+bp=1,
= c=b/a=(1—-x2)/(1+ x3) internally stabilizes p.
o JTl=(1-x21+x3)=J72=(1-x22 (1+x3)?).

o (x+1)¢ A = J2is not principal ideal of A.

= All stabilizing controllers of p have the form

e, ) = 21—+ (1+x*2aq + (1 - x*) g
a1, Q2 72(1+X3)—(1+X3)(1+X2+X4)q1—(1_X2)(1_X3)q27

for all g1, g2 € A such that the denominator exists.
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Distributed delay

e p=-e °/(s—1) is stabilized by the controller (distributed delay):

c=2e(s—1)/ <s+1—2e’(5*1)).

s+1—2e~(s—1) )
a= (1+1pc) = ( (s+1) : eH ((C+)’
c 2e(s—1 0o
b= 15 = ?s(;)) € H*(Cy),
o5 (st1-2e—(s—D) -
ap= (1+ppc) ~ (s+1) = (s—e1) b e H=(Cy).

e We obtain that all stabilizing controllers of p have the form:

2et/ =l —(s— 2
c(l) = l,e—(s—(i)ﬂ) — | = (1 +2 (1_%(11») g1 +4€qs.
142 <T> -1 &g

= the Youla-Kucera parametrization for the coprime factorization:
1—e—(s—1)
=8 d (142 (=22)) +n2e) = 1.
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Convexity of H(p, c)

e Let ¢, be a stabilizing controller of p € Q(A).

e All stabilizing controllers of p are parametrized by
(l+pc)c+aq+qc?
(I+pc)—qp—qpc?
Vag,@€A: (1+pc)—qip—qpc’#0.

e Then, the closed-loop system

1 c
€ I+pc  I4pc u . . . ,
< ) — < ) ) is affine/convex in the g;'s
€2 1+pc  1+4pc 2

2 2
1 P _ P Cx e 1 _ Cx
( Tpe. N rpar ~ 2 {rpc)? Tper N @ipe? ~ R @par )

_ 2 (pcs)? T P X2
B ey ~ R amay Tiea ~ N @may R Tmey

C(q1, Q2) =

2
1+p cx

ie, YA€eA: Hp, cAg+(1-=XNgl, A+ (1—X)gh))
= AH(p, c(q1, a2)) + (1 = A) H(p, c(q1, 3))-
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Sensitivity minimization

o Let A be a Banach algebra (e.g., H(C,), A, W,...).

e Let ¢, be a stabilizing controller of p € Q(A) and:
a=1/(1+pc), b=c/(1+pc)€A

o Let w € A be a weighted function. Then, we have:

inf || w/(l+pc)lla= inf [fw(a=a®pgi—b°paq2) [la ()
ceStab(p) g1, 2EA

i.e., (x) is a convex problem in the g;'s!
e If p=n/d is a coprime factorization (x, y € A,dx+ny =1)
= a—apq—bpp=d(x—qn).
Vge A, 3Jqi, 2€A: g=x>q+y?>qs, where:
q=d*(14+2ny)q, q=n*(1+2dx)q.

(x) & inf [wd(x—ngq)|a-
geA
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