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Context

~ Collaboration LAGEP / University of Twente (The
Netherland) within GEOPLEX () and Van Gogh projects.

~» Network perspective on physical systems’ theory for

modelling, simulation and control design. Following the

same idea behind the bond graph formalism (in finite

dimension) :

« Interconnection of small set of atomic elements with
particular energetic behavior (storing, dissipation or
conversion)

- Interaction with the environment by means of a port

« interdomain coupling using a network structure called
Dirac structure
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~» Systems described by PDE and skew symmetric
operators : wave equations, beams (Bernuoillli,
Timoshenko, ...). Existence and nature of solutions in
function of the choice of the boundary conditions.

~» Vibrating string

u(t,z)

The classical modelling is based on the wave equation :
Newton’s law + Hooke’s law (restoring force proportional
to the deformation)

O%u(z,1) _ 2 0%u(z,1)
Ot? 02

T(z)
p(z)

where |o| =

The structure of the model is not apparent. How to choose
the boundary conditions ???
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The energy and state variables

Let choose as state variables the energy variables:

Introduction - the strain ¢ = %
e Context .
» Motivation - the elastic momentum p = uw(z,t)
example i :
o Focus The total energy is given by : H(e,p) = U(e) + K(p)

- U(e) is the elastic potential energy:

Dirac Structure
and PHS defined

. b 2 b
on Hilbert Space 1 ou zZ,t 1
o0 = [ 516 (P ) = [ et

Boundary Control
Systems (BCS)

where T'(z) denotes the elastic modulus.
Closed loopBcs, * K (v) is the kinetic co-energy:

stabilty etc ...
K(p) /b1 ()0 (2, 1)° /b1 L 220
| p)= [ spR)v(zt)" = [ 3 p-(z,
L L 20(2)

where p(z) denotes the string mass.

References
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Interdomain coupling

The vector of fluxes is given by:

where v(z,t) is the velocity and ¢ = T'e the stress.
The vector of fluxes 8 may be expressed in term of the
generating forces :

0 1 oA

b= 1 0 o
op J
canonical generating

Inerdomain coupling forces
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Hamiltonian formulation

From the conservation laws:

Introduction O € . v
e Context — _ — 0
e Motivation ot D 0z Rl
example
e Focus
Consequently
Dirac Structure 5
and PHS defined H
on Hilbert Space 2 € _ 2 0 1 e
ot \ p Oz \ 1 0 %_I;I
Boundary Control
Systems (BCS) an d
Closed loop BCS,
stabilty etc ... 0 € 0 _ 8@ 55_13
_ z
ot I SH
Conclusion and ot p 0z 0 op

further works

References
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Skew symmetry

— 9 T(z 0
Introduction g ¢ — 08 0z ( ) 1 €
Context Y =
: Motivation t p Oz 0 0 n(z) p
example ~ -~ < N ~ _ g -
 Focus / J = matrix e = driving
Dirac Structure differential operator force

and PHS defined
onHilbertSpace . Hamiltonian operator 7 is skew-symmetric only for

function with compact domain strictly In 7 :

Boundary Control
Systems (BCS)

Closed loop BCS,
stabilty etc ...

b el e1 , b
/ ( e1 e )j +( el ey )j = — |e1es + ezeq |,

/
€9 (49)
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Power balance

Power balance equation :

Introduction d _ b ( 6&H O OH Oo
e Context %H = fa (5041 5 T Sevs 8t2) dz
e
® ool _ (b (oo om oM 0 SHY g,
e FOCUS - a \ dop 0z da dag Oz day
_ _[oman]’
Dirac Structure - 00 Oz |

and PHS defined
onHibertSpace | griving forces are zero at the boundary, the total energy

5 IS conserved, else there is a flow of power at the
oundary Control _ .
Systems (BCS) boundary. Define two port boundary variables as

follows :
Closed loop BCS, OH
stabilty etc ... fo _ v
o OH a,b
€H Su

Conclusion and
further works

References
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Port Hamiltonian Formulation

The linear space D > (f1, fo, €1, €2, fa,€9)

0
fl o 0 92 €1
° — o
€9 92 O €9
Jo el
e — a,b
€9 €2

defines a Dirac structure:D = D with respect to the
symmetric pairing :

b b
/ €1f1d2+/ ea fadz + [faco)”

Port Hamiltonian system

8@5[-]
ot~ da

,fa,€a> cD
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Port Hamiltonian Formulation

An other choice for the state variables : Y the

Hamiltonian system becomes

1 SH
oz _ (1) i 7]
ot = 0 £

with port variables at the boundary:

fo \ v ,
— o
) T%

which have a non trivial relation with the variational

derivatives:
0 ou
0H [ -5 (T%)

e\
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Focus

Generalization of the Port Hamiltonian Systems to infinite
dimensional systems

Introduction
e Context

Motivati . . . . e
°ex%x3|§n « Canonical formulation of Dirac structures for infinite
* Focus dimensional systems

Dirac Structure " : : : .
and PHS defined © EXIStence of solution using the semi group theory : the

on Hilbert Space Boundary Control System formulation

goutndary( gggt)rol - Stabilizing controllers based on the shaping of the
stems .
. energy and geometric structure

Closed loop BCS,
stabilty etc ...
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General formulation

The system is defined by :

f=Je

e Let the space of flow variables, F, and the space of

effort variables,&, be real Hilbert spaces.
e Define the space of bond variablesas B =F x £
endowed by the natural inner product

<b17b2>:<f17f2>f+<61762>57 bl _ (fl,el),bQZ

In order to define a Dirac structure, let us moreover

(f2,62) ebB

endow the bond space B with a canonical symmetrical

pairing, i.e., a bilinear form defined as follows:

<bl,l)2>Jr — <f1,rg,g:e2>j:+<el,rf,gf2>g ,b1 — (fl,el) ,b2 = <f2,e2) e B.

(1)
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Definition on Hilbert space

Denote by D+ the orthogonal subspace to D with respect
to the symmetrical pairing:

Introduction

Dirac Structure DJ‘ — {b S B| <b, b/>+ = (O forall b D} . (2)
and PHS defined
on Hilbert Space

¢ s sticture Definition : A Dirac structure D on the bond space B =
e Constructive. F x £ is a subspace of B which is maximally isotropic with
ormuilation o . . . .
DS respect to the canonical symmetrical pairing, I.e.,
Boundary Control 'DJ‘ =D. (3)
Systems (BCS)
;f;i?t‘j SRS ‘Z € D <= Power conservation

Conclusion and
further works

References
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Port Hamiltonian System PHS

~ Definition based on Dirac structure and Hamiltonian
function (total energy of the system).

Definition : Let B = £ x F be the bound space defined
above and consider the Dirac structure D and the
Hamilonian function H(xz) with x the energy variables.
Define the flow variables, f € F as the time variation of
the energy variables and the effort variables e € £ as the
variational derivative of H(x). The system

Is a Port Hamiltonian system with total energy H(z)
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We start by introducing the differential operator 7

N .
d’&
je:;P(i)d—;(z) z € la,b],
where e € H" ((a,b);R") and P(i),i=0,...,N,isa
n x n real matrix with Py non singular and
P, = PF(—1)""L. Let define

( P1 PQ PN \
P, —P3 - 0
Q =
\ DN 'Py 0O - 0

Back to the Vibrating string
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Canonical symmetrical pairing and port varia

~ We define the symmetrical pairing (not depending on
J) of and the port variables associated with 7.

Let F = & = L?((a,b); R™) x R™" and define B=F x &
with the following canonical symmetrical pairing :

(S fa et ep) (2 5. €% €))
— <617f2>L2 + <627f1>L2 — <€(l97 f§> _ <6(297 f(%>7

Definition : The port variables (ey, f0) € R™Y
associated with 7 are defined by :

[

( fa ) = Rext
€o

e(b)

dN_le
dzN_l

)

(6)
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Theorem : The subspace D of B defined as

([ ] e(b)
D fo N on B ( fo ) B .
J_< ‘eeH ((a’ab)7R )7~7€_f7 —Rext >
e €o
L €s 85]_16(6‘) )
is a Dirac structure, that means that D = D-.
Back to the Vibrating string
) € 0o -1 5 T(z)e
v _ x
ot p -1 0 u(1Z)p ,Q = Py
/ P e
T'(a)e(a) — T(b)e(b)
(fa)_L<P1 —P1><€<b>>_i moleno
eo ) V2 \ T I e(a) )| V2| T(a)e(a)+ T(b)e(b)
p(a) | p(b)
p(a) p(b)
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Theorem : Let W be anN x 2nN full rank matrix. The
system

#(t) = Je(t)

u(t) = Ba(t) = w | T
eq(t)

is a boundary control system, where Ay = (JL),.,5 IS
the generator of a contraction semigroup on

Ly ((a,b) ,R™) if and only if

0 I

WYXw! >0 where ¥ = )

WEswli >0 &« W=SUI+V,I-V)
with S invertible and VV7T < I
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Let define the linear mapping C : H" ((a, b),R") — R™Y
as

fa(t)

€a(1)

and the output as y(t) = Cx(t), then for u € C*((0, 00); R™)

and x(0) — Bu(0) € D(Jw) the following balance equation is
satisfied:

Cx(t) :ZSQ( I-vt —1-VvT )

1d u(?)
S lr@IP = (w(t) g7 ) Pw
2 dt y(t)
where P S~ (pPt—-pPvvip)sT! 28 TP VPST
W p—
—2SPVIP STt 48(—P; + PRVIVPy)ST

pP=I+VvvhH™"  P=I+V'V)"h
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Particular cases

Vi=I¢ u(t)
L y(?)

boundary control system, w
the associated semigroup

a contraction

) —ea(t))
s alle®1 = lu@l* — [ly(
boundary control system, w
the associated semigroup
—
unitary
sz =u(t) y(t)
T —T'(b)e(b

@e@) | g, L[ “TOe®)

p(a) V2 _p(b)

p(a) p(b)
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Static feedback for IPS

Introduction Oﬁ OL Syst

Dirac Structure
and PHS defined
on Hilbert Space

(04
Boundary Control
Systems (BCS)
Open loop system Closed loop system
Closed loop BCS, ) .
stabilty etc ... r — j:C r — j.CC
e Static feedback f f
for IPS

o Stability of IPS U = Wimp o r = (W,L-mp 4+ aCimp) o
e Generalization ey ey
Conclusion and _C fc’? _C f8
further works Y= Cimp Y= Cimp

€H 5.
References
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Lemma : The closed loop system described by

T = jECC
r = (Wz’mp + OéCimp) fa
€o
Jo
Yy = C’imp
e

is a boundary control system. Furthermore, the operator
As = Jrp(a,) geNerates a contraction semigroup on

X = Ls ((a, b) R™) where

fo

€o

D(As) =qx € D(J)] € kerW

and W = (Wipp + aCimyp) is afull rank nN x 2n.N matrix
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Theorem : (\ — AS)_1 : X — X Is a compact operator
for A > 0. Then the system described by (VV! = 0) :

r=Jx
B Jo
r = (Wimp -+ CkCimp)
€o
Jo
Yy = Cz'mp
e

with » = 0 is globally asymptotically stable. For any

z(0) € X the unique (classical or weak) solution

x(t) = T(t)x(0) of the closed loop system asymptotically
approaches to zero, i.e.

limsol||x(t)||x =0
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Theorem : If WXW?! > 0 the system described by :

r=Jx

W fo
es

y=C fo
es

with »r = 0 Is globally asymptotically stable. For any
x(0) € X the unique (classical or weak) solution

x(t) = T'(t)z(0) of the closed loop system asymptotically
approaches to zero, i.e.

limeo||lz(t)]|x =0
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Conclusion and further works

~ Port hamiltonian formulation of Distributed parameter
systems arises from two adjoint relations :
e conservation law

Dirac Structure - generating forces being variational derivative of
and PHS defined .
on Hilbert Space potentlal

and use of Stokes Theorem.

Boundary Control ., nderline the structural properties

Systems (BCS)
~ Asymptotic stability can be checked by looking a
Closed loop BCS, condition on a matrix.

stabilty etc ... _ _ _
~ Links with well posed, conservative, boundary control
Conclusion and systems.

further works _ ] ] _

~ (eneralization to other operators using feedback ideas.
References Future work :

~ EXponential stability ...

~ Controller design.

Introduction
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