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Bilinear Schrodinger equation

.d
V() = (Ho + u()H1) (1)
V(0) =V,
(h=1)
Y(t) € H : System’s wavefunction in appropriate Hilbert space,
Ho, Hy : Hermitian operators on H,

Hp internal free Hamiltonian and H the interaction Hamiltonian,
u(t) € R : Scalar control (Laser amplitude for instance).

[Woln =1 = [[¥(t)[x =1 Vt>D0.
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Infinite dimensional case : few results

G. Turinici 2000

H; bounded operator on HZ(RN) and Hqg generating a C%-semigroup of
bounded linear operators on H?(RN)

—

the complement of the attainable set, applying L2-control fields, is
everywhere dense in SN H2(RN).

Th. Chambrion et al., 2008

Ho admitting a discrete spectrum, the eigenvalue differences \j 1 — A
are Q-linearly independent and (H1¢j, ¢j4+1) # 0

—

the system is approximately controllable.

v
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Infinite dimensional case : stabilization

2 important test cases

iiw = —AV+V(X)V +u(t)u(x)v.

dt
Decaying potential :  V(x) — 0 as |x| — oo with a certain rate.
Infinite potential well :  V(x) = { 0 It x€B.(0),
00 else.

Controllability :
Decaying potential : Controllability to be studied!
Infinite potential well :

K. Beauchard 2005, K. Beauchard and J.M. Coron 2006

For the 1D case and where p(x) = x (moving potential well) : the local
controllability (in H”) and the controllability between the bound states.

v

V. Nersesyan 2008

For the 1D case and where u(x) = x (moving potential well) : the exact
controllability (in HY).
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N-D decaying potential

i%\ll(t,x) = —AV(t,x) +VX)V(t,x) +u(t) p(x)¥(t,x), (t,x)€eRT x RN

W(0,x) = Wo(x), ([WollL2 = 1.

Decay assumption (A)
@ N=1:(1+x|)V e LYR);
O N=2:|V(Xx)|<C(L+|x)3¢;
@ N=3:VeL:<R%NLiT(R3);
@ N >4:V eLland (1+[x|2)7/2V(x) is a bounded operator on the
sobolev space H” for some v > 0and v > N + 4.

v

Interaction Hamiltonian (B)
p € LRN) NL>(RN) where £ = [J,5, LP(RY).

v
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Spectral properties

Spectra of Hp = —A + V(x) :
o(Ho) = a4 (Ho) U oc(Ho),

oc(Ho) = [0, +00) absolutely continuous spectrum (absence of
singular spectrum) and o4(Hp) C (—o0, 0) the bound states.

Discrete eigenspace :

&4 = Span{qbi;i =0,1,2,.., M}, O'd(Ho) = {)\0, ALy eeny )‘M}-
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Free Dynamics

Initial state :
Vo = Vo + Vogq.

S(t) : Co-semigroup spanned by (—A + V (x))/i.
Discrete part :

M M
Vog =D adilx) = MaS(OVo= aie"Mi(x).
i—0 1=0

Absolutely continuous part:  dispersive behavior.
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Dispersive estimates
Theorem (dispersive estimate)

Under the decay assumption (A) on the potential V, we have

_N
IS(H)Pac|l1—00 < [t] 2.

Corollary (interpolation)

suplt/* 3 |S(OPactlly < l0lle Torallp € LARY) N L2RN),
t>0

Where1§p§2and%+é:1

Strichartz inequality

2 N
“S(t)Pac¢“Lﬁ(L§) < C|[¢|| 2, for all q + ) =7 2 <q < oo

o
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Controlled system : a first approach

Similarly to the finite dimensional case (Mirrahimi, Rouchon, Turinici, Automatica : 2005)

i%\U(t) = (—A+V(X) +uux)V(),  W(0) =V,

Target state : ¢p a bound state of Hp = —A + V(x).
Lyapunov function :

V(W) =1~ [ (¥, o)

Thus : qv
o = ~UOI((W (), do) (ko0 W(D))).

Feedback :

u=c I((uW(t), go) (¢o, ¥(t))), ¢>0
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LaSalle in finite dimensions

d d

— X — —_ < 0.
dtx f(X), dtV(X)_O
@ 0 <V(X)\ a
@ V being continuous and radially unbounded, X is bounded and so

@ V continuous and so V(X) = a.

@ We consider X the solution of the system starting at X.

@ The flow being continuous with respect to the initial state
X(th + 1) — X(7).

@ S0 V(X (7)) = V(X(0)) = a and therefore the LaSalle invariance
principle.
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Convergence analysis

Main obstacle

The pre-compactness of trajectories in L2 even in the case where the
system is initialized in the finite dimensional eigenspace spanned by
the bound states.

We can have phenomena such as the L?-Mass lost at infinity
when crossing the continuous part of the spectrum.
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Idea

d d
—X = — < 0.
X =100, EVx) <0

0 <V(X)\ «a

@ YV being continuous and radially unbounded, X is bounded and so
X(t,) — X in a weak sense.

@ If V continuous with respect to this weak topology, V(X) = a.

@ We consider X the solution of the system starting at X.

@ If the flow is continuous with respect to the initial state for this
weak topology, X (tn + 7) — X (7).

@ So V()N((T)) = V()N((O)) = « and therefore the LaSalle invariance
principle.

@ Note that this only characterizes a weak w-limit set and in order to
show that we have an approximate strong convergence we need
to ensure that only a small part of the mass is lost during the weak

convergence.
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Main result
Theorem (approximate stabilization)
Consider (V (x) and u(x) satisfying A and B)

i%"’(t’x) = —AV(t,x) + VX)W(t,x) + uu(x)¥(t,x),  Wlo = Wo(x).
Assume :
AL Vo =3 aigi, {#i}, bound states of —A + V(x);
A2 ap #0;
A3 Non-degenerate transitions : \i, — X\, # X, — \j, for (i, j1) # (i, j2) ;
A4 Simple (mono-photonic) transitions :(ugi, ¢j) #0 i #].

Then for all e > 0, there exists a feedback law of the form

u(t) = uea(¥(t)) =c

fe(\ll(t))‘afe(lll(t)), ¢>0,a>0,

fo=[(1—¢) Mo SV, 1) (1, W) + eS((uW, do) (o, V)]

the system admits a unique global strong solution. Furthermore

liminf | (W(t,x), éo(x)) P>1-e
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Feedback law
Lyapunov function :

M

Ve(W)=1—(1—e) ) [V, 1) > — ¢ (W, 0) |

i=0
We have,
0<V(¥) and  V(¥)=0e[(V,d0)| =1,
moreover,
V(W) < e.

Then, d

which implies,

ut)=c

fe(\IJ(t))‘afE(\ll(t)), c>0,a>0.

M. Mirrahimi (INRIA Rocquencourt) Stabilization of Schrédinger equations 13 Juin 2008

16/27



Well-posedness

Existence and uniqueness of the solution to the closed-loop
system :
classical arguments applying Banach fixed point theorem on finite time
intervals and where the lengthes of the time intervals do not depend
on the initial state.
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Weak w-limit set

2_weak
o [VW(t, ey =1 = 3t oo:W(t)) X,

@ V (V) is continuous with respect to W in the L?-weak topology.
@ In particular

Ve(Woo) = IIm Ve(V(th)) < Ve(Vp) < e,

n—oo

by the assumptions Al and A2.
@ |s the flow continuous w.r.t initial state in a weak topology ?
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Weak w-limit set : continuity of flow
Define the semi-norm

[¥llx = maX(WHLiZ, [¥ll2) = max ([l [lez, Mgt lli2)-

Lemma (continuity of flow)

Assume g € LP N L>=(R") for some p > 2. Take a in the feedback law as follows :

N—w(p—N)

a=EREEN) 0 <w< g, if p>2N,
a=0 else.

Let (W§)nen be a sequence of S and W§° € L? with

L2 —wesk
(A 5

Let W, (resp. V) be the weak solutions of the system with W, (0) = W2 (resp. with
W(0) = mqWo). Then for every = > 0,

lim W,(7) = W(r) strongly in H.

n—oo
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Weak w-limit set

@ Consider:

.d
|awn = —Awn + V(X)Wn + ue(wn),u(x)Wn, Wn’tzo == W(tn),

d =~ ~ ~ ~ ~ ~ ~
|aw =—AV +V(X)V + u(V)u(x)v, Vo =Vp=MNyV.

Applying the continuity of flow and the continuity of V. with respect
to the semi-norm H

V(Wn(7)) = Ve (V(r)), asn— .

@ We can therefore show, following the usual steps in the LaSalle’s
invariance principle, and applying the assumption A3 and A4, that
the w-limit set is included in
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Lost mass

o If Wy = B¢y with |3] < 1andj # 0then:
Ve(Woo) = Ve(Wo) =1 — (1 —¢)|8]2 > ¢, = contradiction.

Thus N
Vo = B With 1 — | Gg|? < e.

This simply implies that :

liminf | (V(tn),0) > >1—e.
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Further remarks

Relaxations

The assumptions A2,A3 and A4 can be relaxed exactly as in the finite
dimensional case (Beauchard, Coron, Mirrahimi, Rouchon, System and Control Letters :
2007).

Assumption Al
Applying quantum adiabatic theory, it can be relaxed as well,

—

Conjecture : Assume g of compact support. For any ¥q € L? with
supp(V¥p) C supp(w) and for any e > 0, we can construct a control law
U. permitting us to reach an e-neighborhood of ¢.

Work in progress!
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1D infinite potential well

2
ia%lll(t,x) - ;g Viex) —uxu(tx),  xe (—%,%)
V(0,x) = Wo(x),
W(t,:l:%) 0.

Spectra of Ag = %% :

2.2
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1D infinite potential well

Stabilization of the ground state ¢,

Main obstacle

The pre-compactness of trajectories in L2. We can have phenomena
such as the L?-Mass lost through high-energy levels.
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Main result

Theorem (approximate stabilization)

Let N € N*. There exists of = o (N) > 0 such that, for every o € (—ot, o*) — {0}, v € (0, 1),
€ >0, and Vg € SN H2 N H} verifying

oo 2

. z |<w07¢k,o'|2 < fze and |<\U07¢1,0>| 2’77
=N+1

the Cauchy problem

102w

i%W(LX):_zaXZ (t,x)—u(t)x\ll(t,x), X € (_%7%)

W(0,x) = Wo(x), w(t, :I:%) =0,

k=1

N
U(t) =0+ VO',N,E =0+9 ((1 - 6) Z <X\U7 ¢k,o’> <¢k,o’7 \U> +e€ <X\U, ¢l,o’> <¢1,07 \U>)
has a unique strong solution W, moreover, this solution satisfies

lim inf [(W(t), Pro)P>1—e

v
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Idea of the proof

Lyapunov function
M
V(W) =1— (1= €)Y (Vo) (W, 1) | — e[ (W, 1) 7,
i=1

Vo € HE NH2, M (W) is the number of the bound states
needed to cover a 1 — O(e) population of V.

Continuity of the flow after some technicalities one can prove that the
flow of the closed-loop system is continuous for the
H~1-norm. Note moreover that V. is continuous for this
norm.

Lost mass A population of order 1 — O(¢) of the initial state W being
covered by the M (W) first bound states, the Lyapunov
function V. does not allow a mass lost of an order more
that O(e).
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